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3.1. Assumptions for analysis 
7KLVVWXG\FRQVLVWHGRIWKUHHVWDJHV$FFRUGLQJWRWKHUXOHVIRUWKHGHVLJQRILQGXVWULDOIORRUV>@DFRQFUHWH
VODEZLWKKRPRJHQRXVVXEJUDGHZLWKDSRLQWORDGDWWKUHHFULWLFDOORFDWLRQVZDVFRQVLGHUHG
x LQWHUQDO±WKHFHQWHURIWKHORDGPdLVORFDWHGDZD\IURPWKHHGJHRIWKHVODE
x HGJH±WKHFHQWHURIWKHORDGPdLVORFDWHGRQWKHHGJHDZD\IURPWKHFRUQHU
x FRUQHU±WKHFHQWHURIWKHORDGPdLVORFDWHGRQWKHFRUQHURIWKHVODE
7KHSRLQWORDGPkZDVDVVXPHGWREHN1ZLWKG\QDPLFFRHIILFLHQWȕ DQGSDUWLDOVDIHW\IDFWRUȖf 7KHORDG
ZDVGLVWULEXWHGRYHUWKHDUHDZLWKGLDPHWHUdp P
,QWKHQXPHULFDODQGDQDO\WLFDOVWXGLHVWKHVDPHDVVXPSWLRQVZHUHPDGH$QLQGXVWULDOIORRUZLWKGLPHQVLRQVRI
uPDQGWKLFNQHVVRIPZDVFRQVLGHUHG7KHVODEZDVPDGHRIFRQFUHWH&Ecm *3DȞ fctk 
ȖM DFFRUGLQJ31(1%DVLFPDWHULDOSURSHUWLHVRIWKHVXEEDVHPDGHRIOHDQFRQFUHWHDQGIRDPHG
FRQFUHWHZHUHElc *3DDQGEfc *3DUHVSHFWLYHO\,WZDVDVVXPHGWKDWWKHIORRULVEXLOWRQWKHKRPRJHQRXV
JUDYHOO\VDQGVXEJUDGHPRGXOXVRIHODVWLFLW\Es 03DZLWKUHVSHFWWR31%
,QWKHDQDO\WLFDOVROXWLRQWKHHODVWLFPRGXOXVRIVXEVRLOEsZDVDZHLJKWHGDYHUDJHRIPRGXOHVRIHODVWLFLW\RIOHDQ
FRQFUHWHDQGDVVXPHGW\SHRIVRLOEHORZWKHFRQFUHWHIORRU6L]HRIHOHPHQWVDQG WKLFNQHVVZHUHYDULHG WRREWDLQ
FRQVLVWHQWUHVXOWVZLWKUDWLRQDOFRPSXWDWLRQWLPH7KHQDOD\HUHGPRGHORIDQLQGXVWULDOIORRULQFOXGLQJDFRQFUHWH
VODEVXEEDVHPDGHRIIRDPHGFRQFUHWHDQGVRLOW\SHDVEHIRUHZDVLQYHVWLJDWHG7KHDQDO\VLVZDVSHUIRUPHGWZLFH
RQHZLWKDWUDGLWLRQDOOD\HURIOHDQFRQFUHWHDQGWKHRWKHUZLWKDOD\HURIIRDPHGFRQFUHWH7KHDLPRIWKLVDQDO\VLV
ZDVWRLQYHVWLJDWHWKHLQIOXHQFHRIDOD\HURIIRDPHGFRQFUHWHZLWKYDU\LQJGHQVLW\RQWKHVWUHVVLQWKHVODEDQGWR
HYDOXDWHWKHSRVVLELOLW\RIXVLQJDOD\HURIIRDPHGFRQFUHWHDVVXEEDVHRILQGXVWULDOIORRU
3.2. Analytical solution 
7KHGHVLJQLQJRIDFRQFUHWHVODELQYROYHVDQDVVXPSWLRQWKDWWKHVODELVDQHODVWLFLVRWURSLFERG\WKDWUHPDLQVRQ
VXEVRLO FKDUDFWHUL]HG E\ D FRQVWDQWPRGXOXV RI VXEJUDGH UHDFWLRQ k RUPRGXOXV RI HODVWLFLW\Es >@$ SUDFWLFDO
DSSURDFK WR GHVLJQ FRQFUHWH VODEZDV ILUVW SXEOLVKHG E\:HHVWHUJDDUG LQ  >@ WKHQPRGLILHG LQ  DQG
YDOLGDWHGE\H[SHULPHQWVFDUULHGRXWE\WKH$PHULFDQ5RDG*RYHUQPHQW7KUHHFULWLFDOORFDWLRQVRIDSRLQWJRYHUQ
WKHWKLFNQHVVRIDFRQFUHWHVODELQWHUQDOHGJHDQGFRUQHU7KHIROORZLQJHTXDWLRQVDOORZIRUGHWHUPLQLQJWKHEHQGLQJ
VWUHVVDWWKUHHORFDWLRQVLQWHUQDOHGJHDQGFRUQHU>@
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
7KHPRGXOXVRIVXEJUDGHUHDFWLRQkGHULYHGDFFRUGLQJWR>@EDVHGRQWKHPRGXOXVRIHODVWLFLW\RIWKHVXEVRLO
7KHFDVHVEs=03DDQGk N1PZHUHHYDOXDWHG
3.3. Numerical analyses 
1XPHULFDOVLPXODWLRQVZHUHSHUIRUPHGE\XVLQJ WKH¿QLWHHOHPHQWVRIWZDUH=6RLO3&1XPHULFDOPRGHOVZHUH
FUHDWHGDFFRUGLQJWR>@ZLWKDQDVVXPSWLRQWKDWWKHWKLFNQHVVRIVXEVRLOFRUUHVSRQGVWRWKHGHSWKRIWKHVXEVRLO
FRRSHUDWLQJZLWKWKHVWUXFWXUHDVGHVLJQRIIRXQGDWLRQVODEV7KHV\PPHWU\RIWKHPRGHOZDVDVVXPHGLQRUGHUWR
RSWLPL]HWKHFDOFXODWLRQWLPH
)LJSUHVHQWVWKHFDOFXODWLRQPRGHORIVODEVXEVRLOV\VWHPLQYDULRXVORDGLQJFRQGLWLRQV(DFKFDVHZDVPRGHOOHG
E\XVLQJ'QRGHOLQHDUVROLGHOHPHQWV
/LQHDUHODVWLFUHODWLRQVKLSVZHUHXVHGWRGHVFULEHWKHEHKDYLRURILQGLYLGXDOPDWHULDOV>@7KHSDUDPHWHUVRIWKH
OD\HUV DUHGHVFULEHG LQ VHFWLRQ7KHPRGXOXVRI HODVWLFLW\RI VXEJUDGHEs 03DZDV DVVXPHG7KLVYDOXH
FRUUHVSRQGVWRWKHVWDWLFPRGXOXVRIUHVLOLHQFHE2WKDWLVXVXDOO\FDUULHGRXWE\WKHVWDWLFSODWH966WHVWZKLFKFDQQRW
EHORZHUWKDQ03DDFFRUGLQJWRWKHUXOHVIRUGHVLJQLQJRILQGXVWULDOIORRUV>@

)LJ0RGHORIVODEVXEVRLOV\VWHPLQYDULRXVORDGFRQGLWLRQVDLQWKHPLGGOHERQWKHHGJHFRQWKHFRUQHU
5HVXOWVDQGGLVFXVVLRQ
7KHUHVXOWVRIQXPHULFDODQGDQDO\WLFDOVWXGLHVDUHFRPSDWLEOHFROXPQDQGLQ7DEOH+RZHYHUWKHDQDO\WLFDO
VROXWLRQRYHUHVWLPDWHVWKHQXPHULFDOUHVXOWV7KHORDGORFDWHGRQWKHHGJHVKRZVWKHILQHVWFRPSDWLELOLW\DQG
WKHFRUQHUH[SUHVVHVWKHSRRUFRPSDWLELOLW\7KHPDLQDGYDQWDJHRIQXPHULFDODSSURDFKLVWKHSRVVLELOLW\WRLQYHVWLJDWH
WKHGLVWULEXWLRQRIVWUHVVLQWKHHQWLUHVODEVHH)LJDEF
7KHDQDO\VLVVKRZHGWKDWWKHVLPSOLILHGPHWKRGZLWKKRPRJHQRXVVXEVRLOQHJOHFWVWKHOD\HURIOHDQFRQFUHWHDQG
VWUHVVFRQFHQWUDWHVLQWKHFRQFUHWHVODE,QWKHDQDO\WLFDOVROXWLRQWKHOD\HUKLJKO\LQIOXHQFHVWKHPRGXOXVDQGDWWUDFWV
IXUWKHUVWUHVVLQWKHFRQFUHWHVODE7KHUHIRUHDGGLWLRQDOVWXGLHVZHUHFDUULHGRXWWRDQDO\VHWKHVHQVLELOLW\RIWKHPRGHO
ZLWKWKHSUHVHQFHRIDVXEEDVHOD\HUZKRVHPDLQUROHLVWRWUDQVIHUWKHORDGLQJIURPWKHFRQFUHWHVODEWRWKHVXEVRLO
)LUVWO\DOD\HURIOHDQFRQFUHWHZDVDVVXPHGDQDORJRXVO\ZLWKPDWHULDOSURSHUWLHVSUHVHQWHGLQ7DEOHDVLQWKH
DQDO\WLFDOVWXGLHV
7DEOH5HVXOWVRIDQDO\WLFDODQGQXPHULFDODQDO\VHV
6WUHVVORFDWLRQV 3ULQFLSDOVWUHVV>03D@
$QDO\WLFDOVROXWLRQ 1XPHULFDOVROXWLRQ 6XEEDVHDVDOD\HURIOHDQFRQFUHWH±
FDVH,
6XEEDVH DV D OD\HU RI
IRDPHGFRQFUHWH±FDVH,,
    
,QWHUQDOVi    
(GJHVe   ±)LJD ±)LJE
&RUQHUVc   ±)LJF ±)LJG
D E F
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)LJ'LVWULEXWLRQRIVWUHVVRQWKHVODELQYDULRXVORDGFRQGLWLRQVDLQWKHPLGGOHERQWKHHGJHFRQWKHFRUQHU
+RZHYHUWKLVDVVXPSWLRQLVRQO\YDOLGZKHQWKHOD\HURIOHDQFRQFUHWHLVQRWFUDFNHG7KHQXPHULFDOVWXG\VKRZHG
KLJKO\GLIIHUHQWVWUHVVLQWKHFRQFUHWHVODEFRPSHQVDWLRQRIWHQVLOHVWUHVVLQWKHERWWRP]RQHRIWKHVXEEDVHLVREVHUYHG
7KHYDOXHVRIVWUHVVDQGPDSVFDQEHIRXQGLQ7DEOHFROXPQDQG)LJDFUHVSHFWLYHO\,WLVZRUWKVWUHVVLQJ
WKDWWKHWHQVLOHVWUHVVLQWKHOHDQFRQFUHWHLVQHJOHFWHGLQWUDGLWLRQDOGHVLJQDSSURDFKHV,WLVXVXDOO\DVVXPHGWKDWWKLV
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OD\HULVRQO\DQRQORDGEHDULQJVXEOD\HU7KXVWKHVHUHVXOWVFDQQRWEHXVHGIRUGHVLJQLQJWKHVODE7KHVDPHDQDO\VLV
ZDVUHSHDWHGEXWWKHVXEEDVHZDVLQVWHDGPDGHRIIRDPHGFRQFUHWHZLWKWKHPRGXOXVRIHODVWLFLW\RI*3D

D 
E 
F 
G 
)LJ'LVWULEXWLRQRIVWUHVVRQWKHVODEZLWKOHDQFRQFUHWHDFDQGIRDPHGFRQFUHWHEG
UHEXLOWEHWZHHQVODEDQGVXEVRLOLQYDULRXVORDGFRQGLWLRQVDERQWKHHGJHFGRQWKHFRUQHU
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$VH[SHFWHGWKHYDOXHVRIWHQVLOHVWUHVVDWDOOORFDWLRQVRIORDGLQWURGXFWLRQSRLQWZHUHORZHUWKDQLQWKHSUHYLRXV
DQDO\VHVVHH7DEOHFROXPQDQG)LJEG7KLVVWDWHLVYDOLGDVORQJDVIDWLJXHFUDFNLQJLQWKHIRDPHGFRQFUHWH
RFFXUV&XUUHQWO\ WKH UHVHDUFKRQIDWLJXHVWUHQJWKRI IRDPHGFRQFUHWH LVFDUULHGRXWZLWKLQ WKHRQJRLQJUHVHDUFK
SURMHFW7KHDQDO\VHVZHUHUHSHDWHGZLWKYDU\LQJPRGXOXVRIHODVWLFLW\RIIRDPFRQFUHWHDFFRUGLQJWR7DEOHLQRUGHU
WRLQYHVWLJDWHWKHLQIOXHQFHRIOD\HURIIRDPHGFRQFUHWHDVVXEEDVHRQWKHVWUHVVLQWKHFRQFUHWHVODE$VFHQDULRZLWK
LQWHUQDOORFDWLRQRISRLQWORDGZDVDVVXPHGDVDUHIHUHQFHGXHWRWKHFDOFXODWLRQDFFXUDF\DQGWKHGHFLVLYHLQIOXHQFH
RIWKHQHHGRIUHLQIRUFHPHQW5HVXOWVRIWKHDQDO\VLVDUHSUHVHQWHGLQ7DEOH7KHVWUHVVLQWKHERWWRP]RQHRIWKH
OD\HURIIRDPHGFRQFUHWHLVSUHVHQWHGLQ)LJ$VDUHIHUHQFHUHVXOWVIURPH[SHULPHQWDOVWXGLHVRQIOH[XUDOVWUHQJWK
RIIRDPHGFRQFUHWHZHUHDOVRLQFOXGHGLQ)LJE7KHUHVXOWRIWKHVHDQDO\VHVVKRZHGWKDWWKHOD\HURIIRDPKDVD
EHQHILFLDOHIIHFWE\UHGXFLQJVWUHVVLQWKHFRQFUHWHVODESODFHGRQWKHVXEVRLO7KHFKDUDFWHULVWLFVRIIRDPFRQFUHWH
OD\HUHQDEOHLWWREHDSSOLHGDVVXEEDVHZLWKEfc  ·*3DZKLFKFRUUHVSRQGVWRWKHGHQVLW\ ȡfc ·
NJP
7DEOH5HVXOWVRIQXPHULFDODQDO\VHVIRUOD\HURIIRDPHGFRQFUHWH
'HQVLW\ RI IRDPHG
FRQFUHWH
3ULQFLSDOVWUHVV>03D@
2QWKHERWWRPRIVODE 2QWKHERWWRPRIVODE
  
  
  
  
  
  
  

)LJ'LVWULEXWLRQRIKRUL]RQWDOVWUHVVRQWKHERWWRPRIOD\HURIIRDPHGFRQFUHWHREWDLQHGLQQXPHULFDODQDO\VLVDFFRUGLQJ
WRUHVXOWVRIODERUDWRU\WHVW
&RQFOXVLRQV
,Q WKHDUWLFOH UHVXOWVRI DQDO\WLFDO DQGQXPHULFDO VWXGLHVRI DQ LQGXVWULDO FRQFUHWH IORRUZLWKD OD\HURI IRDPHG
FRQFUHWHDVVXEEDVHZHUHSUHVHQWHG7KHIROORZLQJFRQFOXVLRQVDUHPDGH
x 7KHQXPHULFDODSSURDFKSUHVHQWHGLQWKHEHJLQQLQJRIWKHDQDO\VHVSHUIRUPHGQHJOHFWVWKHOD\HURIOHDQ
FRQFUHWH DQG FRQFHQWUDWHV VWUHVVHV LQ WKH FRQFUHWH VODE ,Q WKH DQDO\WLFDO VROXWLRQ WKH OD\HU RI IRDPHG
FRQFUHWHKLJKO\LQIOXHQFHVWKHVWLIIQHVVRIVXEVRLODQGWKHUHIRUHDWWUDFWVIXUWKHUVWUHVVLQWKHFRQFUHWHVODE
7KHVLPSOLILHGDQDO\WLFDODSSURDFKFRPPRQO\XVHGE\VWUXFWXUDOHQJLQHHUVRYHUHVWLPDWHVWKHQXPHULFDO
UHVXOWV
x 7KHUHVXOWVRIQXPHULFDOVWXGLHVVKRZWKDWWKHOD\HURIIRDPKDVDEHQHILFLDOHIIHFWE\UHGXFLQJVWUHVVLQ
WKHFRQFUHWHVODESODFHGRQWKHVXEVRLO

\ [ [ 
\ [ 



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



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IRDPHGFRQFUHWHXVHGLQFRQWDFWZLWKVXEVRLO´/,'(5/1&%5ILQDQFHGE\7KH1DWLRQDO&HQWUH
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